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Exercise 8

(a) Use Exercise 7 to find the harmonic function in the half-plane {y > 0} with the boundary

data h(z) =1 for z > 0, h(x) =0 for x < 0.

(b) Do the same as part (a) for the boundary data h(z) =1 for = > a, h(xz) =0 for = < a.

(Hint: Translate the preceding answer.)

(c) Use part (b) to solve the same problem with the boundary data h(z), where h(x) is any step

function. That is,

h(fE):Cj foraj_1<a:<aj forl <j<mn,

where —0co = ag < a1 <--- < ap—1 <a, =00 and the ¢; are constants.

Solution

For the Laplace equation in the upper half-plane,

Au =0, —co<zr<oo,y>0
u(x,0) = h(x),

the solution developed in Exercise 6 reduces to

u(z,y) = y/oo Admo.

T J_oo (w0 — 2)% + 92
If
a={, 125
then

> 1
u(z,y) = y/o (—2d:170.

Make the trigonometric substitution,

xo—r=ytangg = (xg— :L')2 + 4% = y%sec? ¢y

dzo = ysec? ¢ doy.

As a result,

tan~1(00) 1
ue) =2 [ L ysec® o déo
t

T Jtan—1(—z/y) y? sec? o

tan—1(c0)
/ dd
tan~!(—z/y)
[tanl(oo) —tan~! (—x)}
Y
z + tan™! L
2 & Y
1. <:1:>
+ — tan - 1.
™ Yy
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If

then

u(z,y)

Make the trigonometric substitution,

ro —x = ytan ¢g

= (zo— x)2 + % = y?sec? ¢y

dzo = ysec? ¢ doy.

As a result,
u(z, y)
If
then
C1
u(z,y) = 2
T

Y
s
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al a2
B S / e
|:/ao (o —2)2+42 " Jo, (w0 —2)+¢?

. /‘“ dxg
e (w0 — )2

y tan—1(c0)
=— / S 5 yse(:2 b0 deo
T Jtan—1[(a—x)/y] Y~ S€C %0
1 tan~1(c0)
= / do
T Jtan=1[(a~z)/y]
1 _
=— [tan_l(oo) — tan~? <a xﬂ
n Y
Lz e (50)
= — |7 +tan
T |2 Y
11 (x — a)
= -+ —tan .
2w Y
6] ag <z <a
C2 a1 < xT<a
h(CC) = )
Cp—1 Qp—2 < T < Gp-—1
Cn, an—1 < T < ap

@ dao + - -

Cn

an—1 Qn
+/ dzg —I—/ — 5 dxg
Ap—2 Ap—1 (IE(] - .’I})Z + y2
n /“2 dxg n
c —
2 Jar (@o—2)2+2

+ / [ E—
Crn1 -
B R O e

Cn—1
(x(] — .%')2 + y2

+ 92

/OO dzg
c S —
n _— (CC[) o 1’)2 + y2
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Make the trigonometric substitution,

xo—x=ytangy = (x9— x)2 + y2 = y2sec2 0N
dzg = ysec® ¢o deo,

in each of the integrals.

y ten”((e1=2)/41 y sec? gy depy tan~![(a2=2)/9] 4, sc? gy depy
u(z,y) = = Cl/ +02/ L= 4.
T tan=1(—o0) y2 sec? ¢0 tan=1[(a1—x)/y] y2 sec? ¢O

tan~![(an—1—x)/y] yse02 ¢O dd)() tan~1(c0) yse02 b0 d¢0
+ cn-1 T2 +cn —S 5
tan—1[(an_o—x)/y] Y 5€C Po tan—1[(an_1—z)/y] Y~ S€C% o

tan~1[(a1—x)/y] tan~1[(az—x)/y]
cl/ d¢o+62/ doo + - -
t t

an~1(—o0) an~1[(a1—z)/y]

tan" 1 [(an—1—x)/y] tan—1(00)
v [ don -+ o | dé
t t

an~![(an—2—7)/y] an~![(an—1-2)/y]

{q :tan_l <a’1y_ x) —tan_l(—oo)] t e [tan_l (T) ~ tan~ <a1y_x>] L.

o (252) (] e (2
e

o (52 (B (e ()

1|7 a] —x as — T
= |:Cl + (c1 — ¢g) tan™! <1y> + (e — c3) tan™! <2> + -

2 Y
1 Q1 —x T
+ (Cn—l - Cn) tan 1 <ny> + 2Cn:|

3|

3=

3| =

Therefore,
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Part (a)
Au =0, —oco<x<oo, y>0
1 >0
u(z,0) = .
0 z<0

Because the boundary condition is defined piecewise for x < 0 and = > 0, we know from Exercise
7 that the solution to the half-plane problem will be a function of z/y: u(z,y) = f(z/y).
Substituting this into the Laplace equation results in an ODE for f,

(1+2%)f"(2) = —22f'(2),

which yields
f(z) = Cirtan™! 2z 4+ Cy

and

u(z,y) = Cy tan™! <;§> + Co.

Take the limit of v as y — 0.

lim u(zx,y) = C; lim tan™* (ac) +Cs
y—0 Yy

y—0

The sign of x is important in this limit because tan~!(£o0) = £7/2.

(&) (E) + Cy x>0
. 2
lim u(z,y) =

y=0 & (—g) +Cy <0

Apply the boundary condition to determine C and Cj.
T
Cy (5) +Cy=1
7
Ci(-3)+ =0

Solving this system of equations yields C1 = 1/7 and Cy = 1/2. Therefore,

1 1
u(z,y) = = tan"* (I> + 7

T Y
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Part (b)

Au =0, —oco<x<oo, y>0
1 >

u(:c,()):{ o

0 z<a

Since the Laplace equation is translationally invariant, this problem can be solved using the result

of part (a). Make the change of variables, z =z — a.

82u+62u 0 ( <z+a< > 0)
—_—s —_— = —00 a a 0
axz ay2 b 7y
1 =z >
u(a‘c,O):{ rraza
0 z+a<a

Use the chain rule to write the derivative of u with respect to = in terms of this new variable.

u_uds _du, O
dxr Ordx Or ' 0T

Ou_ 9 (on)_ 980 (u) _ 0 _ O
0x?2  9x \ox/) 0Oxox\ox) ‘0x2 0zx2
The boundary value problem to solve is then
@ + @ =0 — <r< >0
02 "oy oSSy

_ 1 >0
M%m:{05<0

which is the same as before in part (a).

Therefore, changing back to x,
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Part (c)
Au =0, —co<xr<oo,y>0
(
Cc1 ag <z < ay
Cco a1 < x < ay
U(IE,O):

Cn—1 Qp—2<T < ap-1

[ Cn Ap_1 < T < an

In order to solve this problem, we will take advantage of the fact that the Laplace equation is
linear. Let u = uy + ug + - - - 4+ uy, where

Auy =0, —o<r<oo,y>0

u(z,0) = € a0 < x'< @ _ aH(—z+ap)
0 otherwise

Aug = 0, —oo <z <00, y>0

< <
w(z,0) =42 SIS I H@ —an) - H(z — ap)]
0 otherwise

Auy,_1 =0, —oco<x<oo, y>0

_ o< < —
u(z,0) = Tt IS TSl H (@ — anes) — H(z — an1)]
0 otherwise

Auy, =0, —o<xr<oo,y>0

<<
u(zx,0) = n Gn—1 S &= ln cnH(x — ap—1)
0  otherwise

For convenience, each of the boundary conditions has been written in terms of the Heaviside
function H(z), which is defined as

1 2>0 1 x> 1 z<
H(a:):{o v . H(x—a):{o e H(—x+a):{0 e
< r<a x> a

Noting that the problem in part (b) can be written as

Av =0, —o<xr<oo, y>0
v(z,0) = H(x — a)

and that its solution is
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the solutions for uq, us, ..., u, are linear combinations of v.
1 —xr+a 1
ui(z,y) = c1 [ tan™! <+1> + ]
us Y 2

= [ (52) ] - o (52) 3]
ot oo (552) - (52 o1

1 T — Qn— 1
Un(x’y) = Cn |:7r tan ™! (ynl) + 2:|

Rewrite these formulas.

C ay — & C
ul(x,y)=7:tan‘1< ly )+21

c a; —x c as —
ug(z,y) = —?2 tan ! <1y> + %tan_l < 2y >

Therefore,

w(@,y) =urtuz+- - +un

1 1 1 f{a1—x _1f{a—=x
= —(c1 +c +[cl—c2 tan ()+ cy — cg) tan < >+
S+ ) + = |(e1 —2) ) e ;

+ (eno1 — c) tan~) (—)}

)

n

1 1 T
= 5(01 + Cn) + ; Z(Cz’fl — CZ‘) tan~! <aZ ! ZL‘) .

1=2 Yy
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